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Abstract. We give a combinatorial way to locate non-displaceable Lagrangian toric fibers on com-
pact toric manifolds. By taking the intersection of certain tropicalizations coming from combinatorial
data of a moment polytope, we locate all strongly bulk-balanced fibers introduced in [15]. As an ap-
plication, we show that every bulk-balanced fiber defined in [14] is strongly bulk-balanced. Thus, the
method indeed detects the positions of all non-displaceable fibers that can be detected by Lagrangian
Floer theory developed in [13] and [14].
1. Introduction
Finding rigid submanifolds on a symplectic manifold has been one of fundamental ques-
tions in symplectic topology. Among many notable symplectic manifolds, symplectic toric
manifolds have attracted special attention of symplectic topologists because they have pro-
vided interesting examples but are nonetheless accessible. The rigidity problem that we are
concerned with is which Lagrangian toric fibers are non-displaceable by a Hamiltonian dif-
feomorphism on a compact symplectic toric manifold. There are several approaches to this
problem. One approach taken by Cho-Oh [7], Fukaya-Oh-Ohta-Ono [13], [14] and Woodward
[20] for instance is searching which toric fibers have a non-trivial cohomology arising from
certain Lagrangian Floer theories. Another approach developed by Entov-Polterovich [11]
is using a quasi-state to show the existence of non-displaceable toric fibers. On the other
hand, McDuff [17] and Abreu-Borman-McDuff [1] introduced the method of probes to find
displaceable toric fibers.
In the firstly mentioned approach in [13], with the aid of toric structure, the potential
function restricted to the 1-cochains of fibers, which is so called the Landau-Ginzburg su-
perpotential in the physics literature, can be expressed as a Laurent power series in terms
of variables from a basis of the dual lattice. In general, it consists of two parts: the leading
order potential function (also called the Hori-Vafa potential) written from the equations of
the supporting hyperplanes of a moment polytope, and the correction terms coming from
the contribution of holomorphic spheres. The potential function plays a crucial role in La-
grangian Floer theory on toric manifolds because the differential of the Floer complex is
determined by the partial derivatives of the potential function so that detecting a position
with a non-vanishing Floer cohomology is equivalent to finding a position admitting a critical
point of the potential function.
In [14], a bulk deformation by components of the toric divisor was used to deform the po-
tential function (more essentially the underlying A∞-algebra), which allows us to conclude
non-displaceability of toric fibers once the leading term equation (5.5), a part of the leading
order potential function, has a solution on (C∗)n. Moreover, using bulk-deformations with
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slightly extended coefficients, each coefficient in the leading term equation can be indepen-
dently controlled, which allows us to have some flexibility when solving a system of equations.
Such a deformed leading term equation is called a generalized leading term equation (5.7).
In this sense, our problem is reduced to solving a certain system of equations.
A relevant discussion on solvability of a system of equations in tropical geometry can be
found in the work of Osserman-Payne [18]. It includes the intersection of tropicalizations
(Definition 3.1) lifts to a solution of the system over a valued field whenever they intersect
properly (See Definition 3.4), and it generalizes the lifting results of Bogart-Jensen-Speyer-
Sturmfels-Thomas [5] dealing with the case where the tropicalizations intersect transversally.
The result can be applied to some extent to detect non-displaceable toric fibers when tropi-
calizations intersect properly (See Corollary 3.9 and Example 4.1).
In general, however, the intersection does not lift to a solution if the tropicalizations of
a system intersect improperly. Thus, in the improperly intersecting case, the toric fibers
over the intersection are not necessarily non-displaceable. Nevertheless, we might have hope
that the intersection lifts to non-displaceable fibers because of the flexibility from bulk-
deformations. As in Figure 1, the tropicalizations of the components of the gradient of the
potential function in the two-point blowup of CP2 appeared in [14] exactly intersect at the
positions on which the fibers are non-displaceable even though the tropicalizations intersect
improperly.
• •• •
Figure 1. The intersection of tropicalizations in the two-point blowup of CP2.
It turns out however the tropicalizations coming from the gradient of the potential func-
tion is insufficient to filter out the positions of displaceable fibers (See Example 4.3). It
is essentially because the tropicalizations generally fails to encode information of all com-
ponents in the leading term equation. To get rid of irrelevant fibers or to encode enough
information, we consider the tropicalization of the logarithmic derivative of the leading order
potential function with respect to the direction of a lattice point. In a moment polytope,
this tropicalization is combinatorially realized as the tropicalization relative to a designated
lattice direction as follows.
Definition (Definition 3.10). Let P ⊂ Rn be the polytope whose boundary is given by the
linear equations {lj(u) := 〈u,vj〉 + λj : 1 ≤ j ≤ m} satisfying the requirements in (2.1)
where u = (u1, · · · , un) is the standard coordinate system on R
n. The tropicalization of P
relative to m ∈ Zn is denoted by Trop (P ,m) and is defined to be the non-differentiable
locus of the piecewise-linear function tropP,m given by
tropP,m : Rn −→ R, u 7→ min {lj(u) : 〈m,vj〉 6= 0} .
To present the main Theorem effectively, we introduce one more definition.
Definition. Let P ⊂ Rn be the polytope given by the intersection of the half spaces
{〈u,vj〉 + λj ≥ 0 : 1 ≤ j ≤ m} satisfying the requirements in (2.1). A subspace of the
vector space Rn is called a primary subspace for P if it is a subspace in Rn of codimension
one generated by facet normal vectors vj’s of P .
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We can now state the main result of this paper.
Theorem A (Theorem 6.1). Let X be the compact symplectic toric manifold determined by
a moment polytope P . For a point u in the interior of P , the followings are equivalent:
(1) The toric fiber over the point u is strongly bulk-balanced. Namely, a generalized
leading term equation admits a solution on (C∗)n (See Definition 5.13).
(2) The point u is in the intersection of tropicalizations Trop(P,m) relative to m over
all lattice points m.
(3) The point u is in the intersection of tropicalizations Trop(P,m) relative to m over
all primitive lattice points m orthogonal to a primary subspace for P .
As a corollary, we have
Corollary (Corollary 6.2). If an interior point u of P is contained in the intersection of
Trop(P,m) over all primitive lattice points perpendicular to a primary subspace for P , then
the toric fiber L(u) over u is non-displaceable.
We notice that the number of primary subspaces for P is bounded by
(
m
n−1
)
= m!(n−1)!·(m−n+1)!
and hence finite. Moreover, since Trop(P,m) = Trop(P,−m), it is sufficient to take one
primitive vector perpendicular to each (n − 1)-dimensional subspace. Thus, by consider-
ing at most
( m
n−1
)
tropicalizations, we can detect the positions of all strongly bulk-balanced
fibers.
In [14], in order to include more non-displaceable toric fibers by Floer theory that they
developed, Fukaya-Oh-Ohta-Ono introduced a notion of bulk-balanced fibers (See Defini-
tion 5.6). Roughly speaking, the notion relies on the fact that the limit of non-displaceable
fibers is also non-displaceble. Since tropicalizations incorporate a limit process, it is reason-
able to expect that the intersection of the tropicalizations in Theorem A should also detect
bulk-balanced fibers. As an application of Theorem A, we derive
Theorem B (Theorem 7.1). Let X be the compact symplectic toric manifold determined by
a moment polytope P . If the toric fiber over a point u in the interior of P is bulk-balanced,
then it is strongly bulk-balanced.
Theorem B indeed implies that the intersection of the tropicalizations in Theorem A is
able to locate all non-displaceable toric fibers that can be detected by current technology of
Lagrangian Floer theory (as far as the authors know) in a compact symplectic toric manifold.
Along this line, one open question asked in [14] can be rephrased as follows:
Question. If u ∈ Int(P ) is not in the intersection of the tropicalizations in Theorem A, is
the toric fiber over u is displaceable?1
Because our criterion uses results from [13] and [14], the authors should admit that it does
not detect any extra non-displaceable fibers other than those detected by methods therein.
Nevertheless, the criterion has some advantages: Firstly, the method is global so that systems
of equations depending on the positions are not necessarily considered. Also, it fully includes
bulk-balanced fibers so we do not need to consider any kinds of perturbation of polytopes
causing a sequence of non-displaceable fibers. Finally, it converts a problem solving systems
of equations into a problem of linear equations via tropical intersection theory, which is
expected to be much simpler.
1In some cases, extended probes in [1] give a complete answer for this question. However, there exists a
symplectic toric surface containing a toric fiber that is not on the intersection of tropicalizations and is not
displaceable by extended probes (See [1]).
4 YOOSIK KIM, JAEHO LEE
The rest of the paper is organized as follows. In Section 2, we recall derivation and roles
of the potential function on compact toric manifolds following [13]. Section 3 discusses when
and how lifting results in [18] deduce non-displaceability of toric fibers. Section 4 presents
specific examples illustrating how the results in Section 3 and Theorem A are applied to
detect non-displaceable toric fibers. In Section 5, we review bulk-deformations and their
effects on the potential function in [14]. Finally, proofs of Theorem A and Theorem B are
given in Section 6 and Section 7 respectively.
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2. Lagrangian Floer theory on toric manifolds
In this section, we review Lagrangian Floer theory on compact toric symplectic manifolds de-
veloped by Fukaya-Oh-Ohta-Ono, focusing on derivation and roles of the potential function.
For complete details, the reader is referred to [13].
Throughout this section, let X denote the 2n-dimensional compact symplectic manifold
determined by a moment polytope P , the image of a moment map pi : X →MR. A choice of
a basis for M gives us the identifications MR ≃ R
n and NR ≃ R
n. Under the identifications,
the moment polytope P can be expressed as an intersection of m half-spaces in Rn:
(2.1) P =
m⋂
j=1
{u ∈ Rn : 〈u,vj〉 ≥ λj} .
To achieve the uniqueness of this expression, we additionally require the following conditions
on the expression (2.1):
(1) The intersection is assumed to be not redundant so that each of half-spaces must
share the boundary with a different facet of the polytope P .
(2) An inward vector vj ∈ N is supposed to be primitive, which means that the nonzero
components of vj have the greatest common divisor 1.
We denote by L(u) the toric fiber over u ∈ Int(P ) and recall that L(u) is Lagrangian with
respect to the symplectic form ωP on X given by P .
2.1. Novikov rings
We introduce rings that we are working over. The Novikov field Λ over C is the field
(2.2) Λ :=

∞∑
j=1
ajT
λj
∣∣∣∣ aj ∈ C, λj ∈ R, limj→∞λj =∞

together with the valuation vT : Λ\{0} → R given by
vT
 ∞∑
j=1
ajT
λj
 := inf
j
{λj : aj 6= 0}.
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Here, T is a formal parameter storing data of symplectic areas. This field is known to be
algebraically closed (Lemma A.1 in [13]). We will also consider subrings of Λ given as follows:
Λ0 := v
−1
T [0,∞) ∪ {0} =
{
∞∑
i=1
aiT
λi ∈ Λ
∣∣∣∣ ai ∈ C, λi ∈ R, λi ≥ 0, limi→∞λi =∞
}
Λ+ := v
−1
T (0,∞) ∪ {0} =
{
∞∑
i=1
aiT
λi ∈ Λ
∣∣∣∣ ai ∈ C, λi ∈ R, λi > 0, limi→∞λi =∞
}
.
As analogues of the unitary group U(1) and the algebraic torus C∗, we respectively put
ΛU := Λ0\Λ+ =
{
∞∑
i=1
aiT
λi ∈ Λ0
∣∣∣∣ vT
(
∞∑
i=1
aiT
λi
)
= 0
}
Λ∗ := Λ\{0}.
Remark 2.1. Not using a grading parameter in (2.2), degrees of structure maps appearing
in A∞-algebras are not well-defined unless considering Z/2-degree. For this reason, we tacitly
use Z/2-grading on the modules appeared in A∞-algebras in later sections.
2.2. A∞-algebras on toric fibers
Fukaya-Oh-Ohta-Ono [13] constructed an A∞-algebra on the de-Rham cohomologyH
•(L(u); Λ0)
of a toric fiber L(u) which governs an obstruction of Floer cohomologies on the fiber. The
following is a summarization of properties of the constructed A∞-algebra.
Theorem 2.2 (Section 11 in [13]). Let X be a compact toric symplectic manifold and L(u)
be a toric fiber of X. There exists a sequence of maps
(2.3) mk : H•(L(u); Λ0)
⊗k −→ H•(L(u); Λ0), k ≥ 0
of degree (2− k) mod 2 satisfying the following properties.
(1) The pair
(
H•(L(u); Λ0), {m
k : k ≥ 0}
)
forms a curved A∞-algebra. Namely, the maps
satisfy the A∞-relation: for every k ≥ 0 and hi ∈ H
•(L(u); Λ0),∑
k1, k2
∑
i
(−1)⋆mk2(h1, · · · , hi,m
k1(hi+1, · · · , hi+k1), hi+k1+1, · · · , hk) = 0
where the summation is over all pairs (k1, k2) of non-negative integers satisfying
k1 + k2 = k + 1 and 0 ≤ i ≤ k2 − 1, and ⋆ := |h1|+ · · · + |hi| − i. Here, |hi| means
the degree of hi.
(2) The Poincare´ dual PD[L(u)] is the strict unit in the A∞-algebra. That is, it obeys
m2(PD[L(u)], h) = (−1)|h|m2(h,PD[L(u)]) = h for all h
mk+1(h1, · · · ,PD[L(u)], · · · , hk) = 0 for any k 6= 1.
(3) The A∞-algebra is canonical (or minimal). It means that m
1
0 = 0 (2.4).
(4) The A∞-algebra is G-gapped for some additive discrete submonoid G = {λi : λ0 =
0, {λi}i≥0 is increasing, and λi →∞} of R. That is, m
k can be expressed of the form
mk =
∞∑
i=0
mk,i T λi
where λi ∈ G and each m
k,i : H•(L(u);C)⊗k → H•(L(u);C) is a C-linear map.
6 YOOSIK KIM, JAEHO LEE
We briefly outline the construction of {mk : k ≥ 0} in [13]. For the torus invariant complex
structure J of the symplectic toric manifold X from a moment polytope P , we consider
the moduli space Mk+1(X,J ;L(u);β) of stable maps from a bordered genus 0 Riemann
surface to X with the boundary condition L(u) in the class β ∈ pi2(X,L(u)) together with
k + 1 boundary marked points respecting counter-clockwise orientation. By taking a spin
structure on the torus L(u) and perturbing the moduli space properly, it becomes oriented
and transversal. The perturbed space is still denoted by Mk+1(X,J ;L(u);β) by an abuse
of notation. This space comes with the evaluation maps at marked points:
ev+ :Mk+1(X,J ;L(u);β) −→ L(u)
k, ev+(ϕ, z0, z1, · · · , zk) = (ϕ(z1), · · · , ϕ(zk))
ev0 :Mk+1(X,J ;L(u);β) −→ L(u), ev0(ϕ, z0, z1, · · · , zk) = ϕ(z0).
For complex-valued differential forms h1, · · · , hk on L(u), we define the map m
k
β as follows:
m10(h1) := (−1)
n+|h|+1dh1 if (k, β) = (1, 0)(2.4)
mkβ(h1, · · · , hk) := (ev0)!
(
ev∗+(h1 × · · · × hk)
)
otherwise.(2.5)
Namely, we first pull the differential form h1×· · ·×hk along ev+ back toMk+1(X,J ;L(u);β)
and then take the integration along the fiber under ev0. The outcome turns out to be
a differential form on L(u) because the map ev0 becomes a submersion by taking a T
n-
equivariant perturbation such that ev0 is T
n-equivariant. Moreover, due to this feature, the
output is also T n-invariant whenever taking T n-invariant differential forms as an input. Since
a T n-invariant differential form is a harmornic differential form with respect to a choice of
T n-equivariant Riemannian metric on L(u) and vice versa, by identifying H•(L(u);C) with
the set of harmonic differential forms, every map mkβ is reduced to the cohomology level.
Extending mkβ linearly to the completion of H
•(L(u);C)⊗ Λ0 and declaring
mk :=
∑
β
mkβ T
ω(β)/2pi ,
we obtain the map (2.3).
We discuss the deformation of the given A∞-algebra by a 1-cochain b ∈ H
1(L(u); Λ0). It is
convenient to explain it in two stages. Note that a cochain b ∈ H1(L(u); Λ0) can be written
as b = b0 + b+ where b0 ∈ H
1(L(u);C) and b+ ∈ H
1(L(u); Λ+). Firstly, adorning L(u) with
a flat complex line bundle Lb0 such that the holonomy of a closed curve γ is exp
(∫
γ b0
)
as
in Cho [6], we deform mkβ as follows:
mkβ;b0 := exp
(∫
∂β
b0
)
·mkβ.
We then declare
mkb0 :=
∑
β
mkβ;b0 T
ω(β)/2pi.
Secondly, following [12], for b+ ∈ H
1(L(u); Λ+) we define the map m
k
b+
by
mkb+(h1, · · · , hk) :=
∑
n0,n1,··· ,nk
mk+n0+···+nk
(
b⊗n0+ , h1, b
⊗n1
+ , · · · , b
⊗nk−1
+ , hk, b
⊗nk
+
)
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where the summation is taken over all possible integers n0, · · · , nk ≥ 0. Combining these
two deformations, we define the deformed map mkb to be
mkb (h1, · · · , hk) :=
∑
n0,n1,··· ,nk
mk+n0+···+nkb0
(
b⊗n0+ , h1, b
⊗n1
+ , · · · , b
⊗nk−1
+ , hk, b
⊗nk
+
)
.
We then obtain the deformed A∞-algebra
(
H•(L(u); Λ0), {m
k
b : k ≥ 0}
)
on L(u) with the
strict unit PD[L(u)].
One case where m1b becomes a differential is for a cochain b to satisfy
∞∑
k=0
mk(b⊗k) ≡ 0 mod Λ+ · PD[L(u)]
because from the A∞-relation and the unitality of PD[L(u)] it follows that
0 = m1b(m
1
b(h)) + (−1)
|h|−1m2b(h,m
0
b (1)) +m
2
b(m
0
b(1), h)
= m1b(m
1
b(h)) + (−1)
|h|−1m2b
(
h,
∞∑
k=0
mk(b⊗k)
)
+m2b
(
∞∑
k=0
mk(b⊗k), h
)
= m1b(m
1
b(h)) + (−1)
|h|−1(−1)|h|λh+ λh
= m1b(m
1
b(h)).
for some λ ∈ Λ+. Such a cochain b is called a bounding cochain.
When X is a compact toric manifold, every 1-cochain b of L(u) is turned out to be
a bounding cochain (Proposition 4.3 in [13]) and so gives rise to the map m1b satisfying
m1b ◦ m
1
b = 0. In this case, we can define the Floer cohomology deformed by a bounding
cochain b as follows:
HF •((L(u), b), (L(u), b); Λ0) :=
Kerm1b
Imm1b
.
2.3. Potential functions of toric fibers
We now review the derivation of potential functions.
Definition 2.3. Let X be a compact symplectic toric manifold and L(u) be a toric fiber of
X. The potential function (or Landau-Ginzburg superpotential) on L(u) is the function
POu : H1(L(u); Λ0) −→ Λ+
determined by the relation
∞∑
k=0
mk(b⊗k) = POu(b) · PD[L(u)].
With the aid of the toric structure, the potential function can be expressed as a Lau-
rent series of variables coming from a basis of the dual lattice M as follows. We fix a
basis {e1, · · · , en} of M . Identifying M with H
1(L(u);Z) and regarding it as a basis of
H1(L(u);Z), each cochain b ∈ H1(L(u); Λ0) can be written b =
∑n
i=1 xiei. Thinking xi
as a coordinate function from H1(L(u);Z), we have xi = e
∗
i and set yi := exp(e
∗
i ) where
{e∗1, · · · , e
∗
n} is the dual basis of {e1, · · · , en}. By the dimension reason, notice that m
0
β(1)
can be nonzero only when the Maslov index of β is less than or equal to 2. Since compact
symplectic toric manifolds do not admit any non-constant (virtual) holomorphic discs with
Maslov index less than or equal to 0, the (virtual) fundamental chain of M1(X,J ;L(u);β)
is a cycle and thus m0β(1) becomes a multiple of PD[L(u)]. The multiple is turned out to be
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independent to the choice of perturbation and in general a rational number. It is called the
one-point open Gromov-Witten invariant of β and denoted by nβ. Furthermore, by taking
a perturbation compatible with the forgetful map of boundary marking points, mkβ(b
⊗k) is
reduced to m0β(1) with weight
1
k!(∂β ∩ b)
k. Thus, we obatin
∞∑
k=0
mk(b⊗k) =
∞∑
k=0
∑
β
mkβ(b
⊗k)Tω(β)/2pi
=
∑
β
∞∑
k=0
1
k!
(b ∩ ∂β)km0β(1)T
ω(β)/2pi
=
∑
β
∞∑
k=0
1
k!
(b ∩ ∂β)knβ T
ω(β)/2pi · PD[L(u)]
where the summation of β is over all β of Maslov index 2. Since exp(b∩∂β) = exp(〈b,vj〉) =
y
vj,1
1 · · · y
vj,n
n where vj := (vj,1, · · · , vj,n), the potential function can be expressed as a Laurent
power series in terms of the variable {y1, · · · , yn}. When regarding the potential function at
u as a Laurent power series, we denote it by POu(y) where y = (y1, · · · , yn).
As observed by Cho-Oh in [7], the Maslov index of β can be counted as the intersection
number between a holomorphic disc representing β and the toric divisor (See also Auroux
[3]). Also, it was shown that there exists a unique holomorphic disc of Maslov index 2
without sphere bubbles corresponding to a facet of the polytope and the potential function
consequently contains the terms coming from those holomorphic discs. The part of the
potential function that can be read off from the facets of the polytope is called the leading
order potential function (or Hori-Vafa potential) and denoted by POu0 . Letting βj be the
homotopy class represented by the holomorphic disc corresponding to a facet Pj where ∂P =∑m
j=1 Pj , the open Gromov-Witten invariant nβj is 1 and the area formula of βj is given by
2pi · lj(u) = ω(βj) ([13], [7]) In terms of the variable {y1, · · · , yn}, the leading order potential
function is explicitly written as follows:
Definition 2.4. The leading order potential function at u of P is a Laurent polynomial
(2.6) POu0 (y) =
m∑
j=1
yvjT lj(u)
where vj := (vj,1, · · · , vj,n) is the primitive inward vector normal to Pj and y
vj := y
vj,1
1 · · · y
vj,n
n .
For our usage in Section 3, we mention the difference between the potential function and
the leading order potential function.
Theorem 2.5 (Theorem 8.2 in [15]). The difference POu − POu0 between the potential
function and the leading order potential function can be expressed as
POu(y)−POu0 (y) =
∑
k
Pk(z)T
ρk
satisfying the followings: the sequence {ρk : k ≥ 1} is a monotonically (not strictly) in-
creasing sequence of positive numbers and goes to infinity if the difference consists of in-
finitely many terms, and Pk(z) is a non-constant monomial with Q-coefficient in terms of
z = (z1, · · · , zm) where zj := y
vjT lj(u).
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2.4. Non-displacement of toric fibers
Our next goal is detecting which toric fiber has a non-trival Floer cohomology. It is related
to a critical point of the potential function.2
Theorem 2.6 (Theorem 4.10 in [13]). Let u be a point in the interior of a moment polytope
P . The followings are equivalent.
(1) The potential function POu has a critical point on (ΛU )
n. That is, the system of
equations yi
∂(POu)
∂yi
= 0 admits a solution on (ΛU )
n.
(2) There exists a cochain b ∈ H1(L(u); Λ0) such that the deformed Floer cohomology
HF ((L(u), b), (L(u), b); Λ0) is isomorphic to H(T
n; Λ0).
Corollary 2.7 (Proposition 4.12 in [13]). If the potential function at u of P has a critical
point on (ΛU )
n, then the toric fiber L(u) is non-displaceable.
Definition 2.8. A toric fiber L(u) is called strongly balanced if the potential function at u
of P has a critical point on (ΛU )
n.3
To include more non-displaceable toric fibers, Fukaya-Oh-Ohta-Ono introduced a notion
of balanced fibers in [13]. To present the definition, we need two auxiliary definitions.
Definition 2.9. Let P be the polytope in MR given by
P =
m⋂
j=1
{u ∈MR : 〈u,vj〉 − λj ≥ 0} .
For a face Q of P , we set σQ to be the cone generated by {vj : a facet Pj contains Q} in NR.
The normal fan ΣP to P is the collection of all cones σQ where Q is a face of P .
For properties and examples of normal fans, one is referred to §2.3. in [9].
Definition 2.10. For a pair of polyhedra (Q1, Q2) in R
n, the Hausdorff distance dHaus(Q1, Q2)
between Q1 and Q2 is defined to be
dHaus(Q1, Q2) = max
{
sup
q1∈Q1
(
inf
q2∈Q2
d(q1, q2)
)
, sup
q2∈Q2
(
inf
q1∈Q1
d(q1, q2)
)}
.
Here, d in the right hand side denotes the Euclidean distance in Rn.
Here, a polyhedron is meant to be the intersection of finitely many closed half-spaces. Note
that a polyhedron is not necessarily compact.
Definition 2.11 (Definition 4.11 in [13]). Let Σ ⊂ NR be the normal fan of a moment
polytope P . Let XΣ be the compact complex toric manifold given by the fan Σ. A toric
fiber L(u) is called balanced if there exists a sequence of triples (ω(i), P (i),u(i)) such that
(1) Each symplectic form ω(i) is a torus-invariant symplectic form associated to XΣ and
the sequence of symplectic forms ω(i) converges to ω.
(2) The normal fan of each P (i) coincides with the normal fan Σ of P and the sequence
of polytopes P (i) converges to P with respect to the Hausdorff distance.
(3) The sequence of positions u(i) ∈ Int(P (i)) converges to u ∈ Int(P ).
2Theorem 2.2(3) is used for this relation.
3The notion of balanced fibers was firstly introduced in [7]
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(4) For every sufficiently large integer N , there exist an integer ι and a 1-cochain b
(i)
N ∈
H1(L(u(i)); Λ0) (depending on both i and N) such that
HF •
(
(L(u(i)), b
(i)
N ), (L(u
(i)), b
(i)
N ); Λ0/T
N
)
≃ H•
(
T n; Λ0/T
N
)
whenever i ≥ ι.
Theorem 2.12 ( Proposition 4.12 in [13]). If L(u) is balanced, then L(u) is non-displaceable.
3. Tropicalizations
The goal of this section is to recall some notions and results from tropical geometry which
can be found in [18], [10], [16] for example. The results will be applied to our situation to
see which Lagrangian toric fibers are non-displaceable. Moreover, we define tropicalizations
relative to a lattice point, which is relevant to our application detecting non-displaceability
of toric fibers in later sections.
Even if the notions and the results in tropical geometry is stated over a more general
field in [18], we are only working over the Novikov field Λ over C because it is enough for
our purpose. Throughout this section, we fix a basis for M so that MR (resp. NR) will be
identified with Rn (resp. Rn) without any mention of the identification.
3.1. Lifting of tropicalizations to intersection points
We begin by recalling some definitions in [10], [16]. Suppose that we are given a nonzero
Laurent polynomial over Λ
P(x) =
∑
v∈N
avx
v ∈ Λ[x±1 , · · · , x
±
n ]
where x := (x1, · · · , xn),v := (v1, · · · , vn) and x
v = xv11 · · · x
vn
n . We consider the piecewise-
linear function tropP given by
tropP :MR −→ R, u 7→ min
v∈N
{vT (av) + 〈u,v〉} .
Definition 3.1. The tropicalization of P is defined to be the non-differentiable locus of
tropP and is denoted by Trop(P).
Definition 3.2. Let vnT : (Λ
∗)n →MR be the component-wise valuation map given by
vnT (x1, · · · , xn) := (vT (x1), · · · , vT (xn)).
For a variety X := Spec
(
Λ[x±1 , · · · , x
±
n ])/I
)
in the torus (Λ∗)n where I is an ideal of
Λ[x±1 , · · · , x
±
n ], the tropicalization of X is defined to be the closure of the image of X under
vnT in MR and is denoted by Trop(X).
Einsiedler-Kapranov-Lind in [10] (See also Theorem 3.1.3. in [16]) proved that if X is the
hypersurface given by P ∈ Λ[x±1 , · · · , x
±
n ], then Trop(P) is equal to Trop(X) at least as a
set. In this case, we have explicit description of the tropicalization Trop(X) = Trop(P) as
follows.
Proposition 3.3 (Theorem 3.1.3. in [16]). The tropicalization Trop(P) is the collection of
points u ∈ MR on which the minimum in trop
P is attained by at least two different terms
av1x
v1 , av2x
v2 with av1 , av2 6= 0 so that
min
v∈N
{vT (av) + 〈u,v〉} = vT (av1) + 〈u,v1〉 = vT (av2) + 〈u,v2〉.
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In some cases, the intersection of tropicalizations of varieties in (Λ∗)n lifts to intersection
points of varieties. According to the main result of Osserman and Payne in [18], it happens
when Trop(X) and Trop(X ′) intersect properly at u ∈ NR.
Definition 3.4. Tropicalizations Trop(X) and Trop(X ′) intersect properly at u if Trop(X)∩
Trop(X ′) has exactly codimension codimX + codimX ′ in a neighborhood of u.
Theorem 3.5 (Theorem 1.1. in [18]). If tropicalizations Trop(X) and Trop(X ′) intersect
properly at u, then u is contained in Trop(X ∩X ′).
For our application, we need to deal with the intersection of more than two tropicalizations
and so we need to use the following more specific result in [18] which fits into our situation
well.
Theorem 3.6 (Theorem 5.2.3 in [18]). Let X1, · · · ,Xn be hypersurfaces in the torus (Λ
∗)n.
Suppose that u is an isolated point of the intersection of tropicalizations Trop(X1), . . . ,Trop(Xn).
Then u is contained in Trop(X1 ∩ · · · ∩Xn).
3.2. Lifting of tropicalizations to balanced fibers
Let X denote the compact toric manifold determined by a moment polytope P . As in (2.1),
the moment polytope P has the unique description
P =
m⋂
j=1
{u ∈MR : lj(u) ≥ 0}
where lj(u) := 〈u,vj〉 − λj . Based on Corollary 2.7, we try to find positions u ∈ Int(P ) on
which the following system of equations admits a solution in (ΛU )
n:
yi
∂POu
∂yi
= 0, i = 1, · · · , n.
Since the potential function POu is in general not a Laurent polynomial, we cannot directly
apply the results in Section 3.1. We instead consider the leading order potential function
POu0 , which is always a Laurent polynomial, and we deal with the following system of
equations
(3.1) yi
∂POu0
∂yi
= 0, i = 1, · · · , n.
Furthermore, to fit this story into Section 3.1, setting
(3.2) xi := yi · T
ui
and plugging yi := xi · T
−ui into POu0 , we obtain the expression
(3.3) POu0 =
∑
v∈N
avx
v.
Note that each coefficient av ∈ Λ of xv does not depend on the position u. To emphasize the
non-dependence on positions of the coefficients in POu0 , the superscript u in the potential
function will be omitted when regarding the potential function as a Laurent polynomial with
respect to x:
PO0(x) :=
∑
v∈N
avx
v.
We then have the following relation between critical points with resepect to x and critical
points with resepect to y.
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Lemma 3.7. The system of equations in (3.1) has a solution {(yi) : yi ∈ ΛU} for u ∈ Int(P )
if any only if the system of equations
xi
∂PO0
∂xi
= 0, i = 1, · · · , n.
has a solution {(xi) : xi ∈ Λ
∗} for vnT (x) = u ∈ Int(P ).
The following lemma roughly says that inside of the polytope P the leading order potential
function completely determines the tropicalization of potential function.
Lemma 3.8. Let P be a polytope. For any sufficiently large integer N , two tropicalizations
Trop
(
xi
∂PO0
∂xi
)
∩ P and Trop
(
xi
∂PO
∂xi
mod TN
)
∩ P coincide as a set.
Proof. We need to show that any terms in the difference PO − PO0 do not contribute to
the tropicalizations. By Theorem 2.5, one can regard PO(mod TN )−PO0 as a polynomial
with respect to {zj := y
vjT lj(u) = xvjT−λj : j = 1, · · · ,m}. Whenever vnT (x) ∈ Int(P )
(implying vT (zj) > 0 for any j), any monomial of the form T
ρkzk1j1 · · · z
kr
jr
with r ∈ N, kj ∈ N
and ρk > 0 satisfies
(3.4) vT
(
T ρkzk1j1 · · · z
kr
jr
)
> vT (zji)
for each i with 1 ≤ i ≤ r. Since P is compact, we can take a sufficiently large integer N so
that N is greater than sup (maxj vT (zj)) where the supremum is taken over all (z1, · · · , zm)
satisfying vnT (x) ∈ P . Such a choice of N guarantees the presence of all zj’s in PO0 mod T
N
so that any terms in the difference do not involve in Trop
(
xi
∂PO
∂xi
mod TN
)
because of (3.4).

We then obtain a corollary of Thoerem 3.6.
Corollary 3.9. If u ∈ Int(P ) is an isolated point of the intersection of tropicalizations
Trop
(
x1
∂PO0
∂x1
)
, · · · ,Trop
(
xn
∂PO0
∂xn
)
, then the fiber L(u) is balanced (See Definition 2.11)
and hence non-displaceable.
If in addition the potential function PO is a Laurent polynomial, then the fiber L(u) is
strongly balanced (See Definition 2.8) and hence non-displaceable.
Proof. We take the constant sequence of triples (ω(i), P (i),u(i)) by setting ω(i) := ω, P (i) := P
and u(i) := u for all i. For sufficiently large interger N , two tropicalizations Trop
(
xi
∂PO0
∂xi
)
∩
P and Trop
(
xi
∂PO
∂xi
mod TN
)
∩ P coincide by Lemma 3.8. Then, the point u is still an
isolated point of the intersection of Trop
(
x1
∂PO0
∂x1
mod TN
)
, · · · ,Trop
(
xn
∂PO0
∂xn
mod TN
)
.
By Theorem 3.6 and Lemma 3.7, there is a critical point of PO mod TN with respect to y.
By the modulo N version of Theorem 2.6, we conclude that
HF ((L(u(i)), b
(i)
N ), (L(u
(i)), b
(i)
N ); Λ0/T
N ) ≃ H(T n; Λ0/T
N ).
Therefore, the fiber L(u) is balanced. Finally, non-displacement of L(u) follows from Theo-
rem 2.12.
If the potential function PO is a Laurent polynomial, we can directly apply Theorem 3.6
without modulo N argument.

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Note that the cases satisfying PO is a Laurent polynomial in Corollary 3.9 include more
than the Fano cases in which the potential function PO is exactly same as the leading
order potential function PO0. According to results in Chan-Lau [8] and Auroux [4], all
semi-Fano surfaces and Hirzebruch surface of degree 3 are examples satisfying the additional
assumption.
3.3. Tropicalizations of P relative to m
Let POu0 be the leading order potential function at u of P . Putting PO
u
0 (x) :=
∑
v∈N avx
v,
for a lattice point m ∈M we consider the piecewise-linear function
tropP,m : MR −→ R, u 7→min {vT (av) + 〈u,v〉 : v ∈ N such that 〈m,v〉 6= 0}
= min {lj(u) : 〈m,vj〉 6= 0} .
Definition 3.10. The tropicalization of P relative to m is defined to be the non-differentiable
locus of tropP,m and is denoted by Trop (P, m). For simplicity, we put Trop (m) := Trop (P, m)
unless the omission causes any confusion.
The tropicalization of P relative to m can be understood as the tropicalization of the log-
arithmic derivative of the leading order potential function PO0 with respect to the direction
m. It naturally generalizes Trop
(
xi
∂PO0
∂xi
)
because Trop
(
xi
∂PO0
∂xi
)
= Trop(P, ei) where ei
is a member of the standard unit vectors.
It is worthwhile to mention explicit description of Trop (P, m) which will be frequently
used in Section 6 and Section 7.
Proposition 3.11. The tropicalization Trop (P, m) is the collection of points u ∈ MR
on which the minimum of tropP,m is attained by at least two lj1 , lj2 with j1 6= j2 so that
〈m,vj1〉 6= 0, 〈m,vj2〉 6= 0 and
min
j
{lj(u) : 〈m,vj〉 6= 0} = lj1(u) = lj2(u).
For later purpose, we keep one more notation. Let Q be a polyhedron, which is the
intersection of finitely many closed half-spaces. At least formally, using (2.6) and (3.2), the
leading order potential function PO0 of Q can be written down from the defining equations
of the plane containing the facets of Q.
Definition 3.12. The tropicalization of Q is defined to be the tropicalization of PO0 (See
Definition 3.1) and is denoted by Trop(Q).
Note that the tropicalization Trop(P,m) relative to m is the tropicalization of the poly-
hedron Q determined by {lj(u) : 〈m,vj〉 6= 0}.
4. Examples
Example 4.1. Let X be the one-point blowup of CP2 determined by the moment polytope
P = {(u1, u2) ∈MR : u1 ≥ 0, u2 ≥ 0, 1− u1 − u2 ≥ 0, c− u2 ≥ 0} .
where c is a real number with 0 < c < 1. In [13], Fukaya-Oh-Ohta-Ono showed how the
positions of toric fibers having a non-trivial Floer cohomology change as c varies (Figure 2).
In this case, the following tropicalizations intersect properly regardless of the value c as
seen in Figure 3:
Trop
(
x1
∂PO0
∂x1
)
∩ Trop
(
x2
∂PO0
∂x2
)
∩ Int(P )
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••
•
•
Figure 2. Non-displaceable toric fibers: c < 13 , c =
1
3 , c >
1
3
and thus Corollary 3.9 can be applied. Therefore, the toric fibers over the intersection are
non-displaceable and the intersection exactly locates strongly balanced fibers since X is
Fano. Moreover, the tropicalizations illustrates how the number of non-displaceable toric
fibers changes as a c changes.
••
•
•
Figure 3. The intersection of tropicalizations: c < 13 , c =
1
3 , c >
1
3
Example 4.2. Let X be the two-point blowup of CP2 determined by the moment polytope
P = {(u1, u2) ∈MR : u1 ≥ 0, −1/4 + u1 + u2 ≥ 0, u2 ≥ 0, 1− u1 − u2 ≥ 0, 1/2 − u2 ≥ 0} .
This is one of symplectic toric manifolds admitting a continuum family of non-displaceable
toric fibers presented in [14]. Specifically, Fukaya-Oh-Ohta-Ono proved that the fibers over
{(u1, u2) ∈ MR :
1
4 ≤ u1 ≤
3
8 , u2 =
1
4} are non-displaceable as in Figure 4 (See also Wilson-
Woodward [19] and Abreu-Macarini [2]).
• •
Figure 4. Non-displaceable toric fibers
In this case, we cannot use Corollary 3.9 because the tropicalizations do not intersect
properly as in Figure 1, but yet we can apply Theorem A. The primary subspaces for P are
〈(0, 1)〉, 〈(1, 0)〉 and 〈(1, 1)〉. By finding the intersection of the following tropicalizations:
Trop ((0, 1)) ∩Trop ((1, 0)) ∩ Trop ((1, 1)) ∩ Int(P ),
we can detect non-displaceable toric fibers. Three tropicalizations are drawn in Figure 5 and
the intersection of the tropicalizations is exactly {(u1, u2) ∈ MR :
1
4 ≤ u1 ≤
3
8 , u2 =
1
4} as
desired.
Example 4.3. Let X be the two-point blowup of CP2 determined by the moment polytope
P = {(u1, u2) ∈MR : u1 ≥ 0, u2 ≥ 0, 2− u1 + u2 ≥ 0, 5− u2 ≥ 0, 1 + u1 − u2 ≥ 0}.
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• •• • • •
Figure 5. The intersection of tropicalizations: Trop((0, 1)),Trop((1, 0)),Trop((1, 1))
We begin by drawing the tropicalizations Trop
(
x1
∂PO0
∂x1
)
and Trop
(
x2
∂PO0
∂x2
)
in Figure 6
and observe that the intersection of the tropicalizations appears as
{(u1, u2) ∈MR : 2 ≤ u1 ≤ 4, u2 = u1 − 0.5} ∪ {(1, 1)},
.
•
•
•
•
•
•
Figure 6. The intersection of tropicalizations: Trop
(
x1
∂PO0
∂x1
)
,Trop
(
x2
∂PO0
∂x2
)
By using the method of probes developed by McDuff [17], one can see however that the
intersection contains positions of displaceable fibers. This example shows that two tropi-
calizations Trop
(
x1
∂PO0
∂x1
)
and Trop
(
x2
∂PO0
∂x2
)
are not sufficient to detect non-displaceable
toric fibers precisely. In fact, L((1, 1)) and L((3, 2.5)) are the only non-displaceable fibers.
So, more irrelevant positions must be eliminated and Theorem A exactly tells us which fibers
must be filtered out. In this case, we take the intersection of three tropicalizations
Trop((1, 0)) ∩ Trop((0, 1)) ∩ Trop((1,−1)) ∩ Int(P )
and observe that the intersection points are exactly (1, 1) and (3, 2.5) (See Figure 7). These
are exactly the positions of non-displaceable fibers of X.
•
•
•
•
•
•
Figure 7. The intersection of tropicalizations: Trop((1, 0)),Trop((0, 1)),Trop((1,−1))
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5. Bulk-deformations and potential functions
The aim of this section is to review notations and results from [14] which will be used in
the proofs of main Theorems (Section 6 and Section 7). Again, throughout this section, let
X be the compact symplectic toric manifold determined by the image of a moment map
pi : X → P ⊂MR. As in (2.1), the moment polytope P has the unique description
P =
m⋂
j=1
{u ∈MR : lj(u) ≥ 0} .
where lj(u) := 〈u,vj〉 − λj. In this description, each hyperplane given by lj = 0 in MR
must contain one single facet Pj of P . For an integer j ∈ {1, · · · ,m}, the divisor Dj of
X is declared to be pi−1(Pj), which is a component of the toric divisor of X. Let A (Λ0)
and A (Λ+) be respectively the free Λ0-module and Λ+-module generated by all Dj ’s. In
[14], Fukaya-Oh-Ohta-Ono employed these ambient cycles on X to deform the given A∞-
algebra
(
H• (L(u); Λ0) , {m
k : k ≥ 0}
)
defined in Section 2.2. For every b ∈ A (Λ0), one
can obtain the deformed A∞-algebra
(
H• (L(u); Λ0) , {m
k
b : k ≥ 0}
)
. Such deformation is
called a bulk-deformation of the A∞-algebra. We will not spell out how an ambient cycle
deforms the structure maps in the A∞-algebra (we refer it to [14] and [15]) because it
is sufficient to observe how a bulk-deformation affects the potential function of the A∞-
algebra for our purpose detecting non-displaceable toric fibers with a non-zero deformed
Floer cohomology. With the emphasis on this aspect, following [14], we will recall relation
between bulk-deformations and potential functions in this section.
For each b ∈ A (Λ0) and each toric fiber L(u) of X, every cochain b ∈ H
1(L(u); Λ0) is
turned out to be a bounding cochain meaning that
∑∞
k=0m
k
b(b
⊗k) is a multiple of the Poincare´
dual PD[L(u)] (Theorem 8.2 in [15]). Therefore, for each b ∈ A (Λ0) and u ∈ Int(P ), the
potential function POub can be defined on H
1(L(u); Λ0). Moreover, for the further deformed
A∞-algebra {m
k
b,b : k ≥ 0} by b as in Section 2.2, it follows that the deformed differential m
1
b,b
satisfies m1b,b ◦m
1
b,b = 0 from the A∞-relation and the fact that PD[L(u)] is the strict unit in
the deformed A∞-algebra
(
H•(L(u); Λ0), {m
k
b : k ≥ 0}
)
. We then define the (bulk-) deformed
Floer cohomology given by the differential m1b,b as follows:
HF •((L(u), b, b), (L(u), b, b); Λ0) := Ker (m
1
b,b)/ Im (m
1
b,b).
5.1. Leading term equations
For any point u in the interior of a moment polytope P , we arrange the values lj(u) (j =
1, · · · ,m) into the ascending order, and we denote the arranged values by Sl so that Sl’s are
real numbers obeying two conditions
{Sl : l = 1, · · · ,m(u)} = {lj(u) : j = 1, · · · ,m} and 0 < S1 < S2 < · · · < Sm(u).
Here, an integer m(u) denotes the number of the different values of lj(u)’s and it certainly
depends on u. The number Sl is frequently called the energy level because 2pi · Sl is the
symplectic area of a certain holomorphic disc whose boundary maps into L(u).
In order to take an index system reflecting the energy level Sl’s, it is convenient to replace
j with (r, s) determined by the following lexicographic order:
(1) Take r = l so that lj(u) = Sl.
(2) Fix a numbering of the indices i’s with li(u) = Sl from 1 to al where an integer al
is the number of li’s such that li(u) = Sl and take s as the corresponding number of
the given index j.
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We identify two index systems {j} and {(r, s)} so that for each j there exists (r, s) such
that j = (r, s) and vice versa. When we need to consider two different quantities or vectors
indexed by j and r, s even though j = (r, s), we will use r, s without parenthesis to emphasize
that it is meaningful as a double index and is not a substitution of the number j. For example,
a vector v(r,s) is identical with vj whenever j = (r, s), however a vector vr,s is not necessarily
equal to vj even though j = (r, s).
Following Section 4 in [14], we now attempt to simplify the potential function by intro-
ducing a new coordinate system compatible with the energy level Sl’s. Let A
⊥
l be the real
vector space generated by the inward primitive normal vectors to facets up to the level Sl,
that is,
(5.1) A⊥l := 〈v(1,1), · · · ,v(1,a1), · · · ,v(l,1), · · · ,v(l,al)〉 ⊂ NR.
Setting dimRA
⊥
0 := 0, let dl := dimRA
⊥
l − dimRA
⊥
l−1 and let κ(u) be the smallest integer
l such that A⊥l = NR. In order to write down the potential function on H
1(L(u);Z) as a
Laurent series in terms of variable {yj} in Section 2, we fixed a basis {e1, · · · , en} of the
lattice M giving us an identification of M ≃ Zn and a coordinate system on H1(L(u);Z),
and we took yj := exp(e
∗
j ) where {e
∗
1, · · · , e
∗
n} is the dual basis of {e1, · · · , en}. Instead of
{e∗1, · · · , e
∗
n}, we choose a basis of NR
(5.2) {e∗r,s : 1 ≤ r ≤ κ(u), 1 ≤ s ≤ dr}
satisfying the following conditions:
(1) For each l ∈ N, {e∗r,s : 1 ≤ r ≤ l, 1 ≤ s ≤ dr} forms a Q-basis of A
⊥
l ∩NQ.
(2) Each vj is contained in
κ(u)⊕
r=1
dr⊕
s=1
Z e∗r,s.
Regarding e∗r,s in NR ≃ Hom(MR,R) as a function on MR and taking yr,s := exp
(
e∗r,s
)
, we
can express the potential function as a Laurent series in terms of variables {yr,s : 1 ≤ r ≤
κ(u), 1 ≤ s ≤ dr}.
For later usage, we keep an explicit formula connecting {yj : j = 1, · · · ,m} to {yr,s :
1 ≤ r ≤ κ(u), 1 ≤ s ≤ dr}. By the second condition of choosing {e
∗
r,s} and the fact that
{vj : j = 1, · · · ,m} generates N as a Z-module, we obtain
e∗j =
κ(u)∑
r=1
dr∑
s=1
ar,sj e
∗
r,s
for some ar,sj ∈ Z. It leads to
(5.3) yj =
κ(u)∏
r=1
dr∏
s=1
y
ar,sj
r,s .
Now, we focus on the finite sum of Laurent monomials of variables {yr,s} forming the
coefficient of T Sl in the leading order potential function POu0 at u of P .
4 This sum is
denoted by (POu0 )l and is written as follows:
(POu0 )l =
al∑
a=1
yv(l,a)
4It becomes transparent in Lemma 5.2 why it deals with terms in the leading-order potential function (not
in the potential function).
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where al is the number of lj’s such that lj(u) = Sl and
v(l,a) =
κ(u)∑
r=1
dr∑
s=1
vr,s(l,a)e
∗
r,s, y
v(l,a) =
κ(u)∏
r=1
dr∏
s=1
y
vr,s
(l,a)
r,s .
By the second condition of choosing {e∗r,s}, for each (l, a) we have
v(l,a) ∈
l⊕
r=1
dr⊕
s=1
Ze∗r,s
and hence (POu0 )l is a Laurent polynomial with respect to {yr,s}, i.e.
(5.4) (POu0 )l ∈ Z
[
y1,1, y
−1
1,1 , · · · , yl,dl , y
−1
l,dl
]
.
Definition 5.1 (See Section 4 in [14]). The leading term equation at u of P with respect to
{yr,s} is defined to be the system of equations
(5.5)

y1,s
∂ (POu0 )1
∂ y1,s
= 0 for s = 1, · · · , d1
y2,s
∂ (POu0 )2
∂ y2,s
= 0 for s = 1, · · · , d2
...
yκ,s
∂ (POu0 )κ
∂ yκ,s
= 0 for s = 1, · · · , dκ
where κ := κ(u).
Note that leading term equations depend on our choice of basis {e∗r,s}, but the leading
term equation with respect to one coordinate system is related to that of another coordinate
system by a coordinate change.
5.2. Bulk-deformations and non-displacement of toric fibers
There are at least two reasons why a bulk-deformation is introduced for toric cases in [14].
One reason is that a bulk-deformation by A (Λ+) allows us to get rid of all terms other than∑κ(u)
l=1 (PO
u
0 )l T
Sl in the potential function POu of X.5 It is computationally preferable
because the potential function is in general hard to compute. Another reason is that a bulk-
deformation by A (Λ0) can change coefficients inPO
u
0 so that when dealing with leading term
equations it gives us flexibility in some examples including Example 11.7 in [14]. It is proved
that non-displacement of toric fibers is guaranteed if a bulk-deformed Floer cohomology does
not vanish (See Section 8 in [14]). We will actively use bulk-deformations by A (Λ0) to take
advantage of the flexibility in Section 6.
We denote by POub the bulk-deformed potential function by b ∈ A (Λ0) (or A (Λ+)) at u.
For a suitable choice of b ∈ A (Λ+), the potential function PO
u can be deformed as follows:
Lemma 5.2 (See Section 4 in [14]). For the potential function POu at u ∈ Int(P ) of a
compact symplectic toric manifold X, there exists a bulk-parameter
b =
m∑
j=1
bj ·Dj =
κ(u)∑
r=1
ar∑
s=1
b(r,s) ·D(r,s) ∈ A (Λ+)
5Theorem 2.2 (4) is needed for the elimination process
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such that the bulk-deformed potential function by b is
POub =
κ(u)∑
l=1
(
al∑
a=1
yv(l,a)
)
T Sl =
κ(u)∑
l=1
(POu0 )l T
Sl .
We notice that the logarithmic derivative of POub with respect to {yr,s} is exactly the
leading term equation in Definition 5.1. One of main results in [14] are stated as follows.
Theorem 5.3 (Theorem 4.5 in [14]). For u ∈ Int(P ), the followings are equivalent.
(1) The leading term equation at u of P in (5.5) admits a solution on (C∗)n.6
(2) There exists a bulk-parameter b ∈ A (Λ+) such that PO
u
b has a critical point on
(ΛU )
n.
(3) There exist a cochain b ∈ H1(L(u); Λ0) and a bulk-parameter b ∈ A (Λ+) such that
the deformed Floer cohomology HF •((L(u), (b, b)), (L(u), (b, b)); Λ0) is isomorphic to
H(T n; Λ0).
Corollary 5.4 (See Section 4 in [14]). If the leading term equation at u of P admits a
solution on (C∗)n, then the toric fiber L(u) is non-displaceable.
Remark 5.5. The statement about the equivalence (1)⇔ (2) in Theorem 4.5 [14] is slightly
different from that of Theorem 5.3. In [14], a bulk-parameter is chosen among the Λ+-module
A all(Λ+) generated by all possible intersections of components of toric divisors. Nonetheless,
the proof of Theorem 4.5 in [14] implies that ifPOub has a critical point at u for b ∈ A
all(Λ+),
then there exists a bulk-parameter b′ ∈ A (Λ+) such that PO
u
b′ has a critical point at u.
Therefore, in toric cases, bulk-deformations by components of codimension 1 from the toric
divisor is sufficient to achieve a non-vanishing deformed Floer cohomology.
Just like balanced fibers (Definition 2.11), to include more non-displaceable toric fibers,
Fukaya-Oh-Ohta-Ono introduced a notion of bulk-balanced fibers.
Definition 5.6 (cf. Definition 3.17 in [14]). Let Σ ⊂ N be the normal fan of a moment
polytope P . Let XΣ be the compact complex toric manifold given by the fan Σ. A toric fiber
L(u) is called bulk-balanced if there exists a sequence of triples (ω(i), P (i),u(i)) such that
(1) Each symplectic form ω(i) is a torus-invariant symplectic form associated to XΣ and
the sequence of symplectic forms ω(i) converges to ω.
(2) The normal fan of each P (i) coincides with the normal fan Σ of P and the sequence
of polytopes P (i) converges to P with respect to the Hausdorff distance.
(3) At each position u(i) ∈ Int(P (i)), the leading term equation at u(i) of P (i) in (5.5)
admits a solution on (C∗)n and the sequence of positions u(i) ∈ Int(P (i)) converges
to u ∈ Int(P ).
Remark 5.7. Definition 5.6 is different from Definition 3.17 in [14]. But, two definitions
are not essentially different because one can get rid of higher order parts by taking a another
bulk-parameter b′i in A (Λ+) if necessary.
We now see the effect of bulk-deformations by b ∈ A (Λ0) to the potential function.
6A choice of variable {yr,s} does not matter because the leading term equation with respect to any system
of variables has a solution as soon as the leading term equation with respect to one system of variables has
(See Lemma 5.10).
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Lemma 5.8 (See Section 11 in [14]). For the potential function POu at u of a compact
symplectic toric manifold X, there exists a bulk-parameter
b =
m∑
j=1
bj ·Dj =
κ(u)∑
r=1
ar∑
s=1
b(r,s) ·D(r,s) ∈ A (Λ0)
such that
POub =
κ(u)∑
l=1
(
al∑
a=1
c(l,a) · y
v(l,a)
)
T Sl
where c(l,a) := exp
(
b(l,a),0
)
and b(l,a) = b(l,a),0 + b(l,a),+ with b(l,a),0 ∈ C and b(l,a),+ ∈ Λ+.
For each b ∈ A (Λ0) and 1 ≤ l ≤ κ(u), let
(5.6) (POub )l :=
(
al∑
a=1
exp
(
b(l,a),0
)
· yv(l,a)
)
.
Next, we take the logarithmic derivative of (POub )l with respect to {yr,s} to obtain the
generalized leading term equation.
Definition 5.9 (See Section 11 in [14]). For b ∈ A (Λ0), the generalized leading term equation
at u of P with respect to {yr,s} is defined to be the system of equations
(5.7)

y1,s
∂ (POub )1
∂ y1,s
= 0 for s = 1, · · · , d1
y2,s
∂ (POub )2
∂ y2,s
= 0 for s = 1, · · · , d2
...
yκ,s
∂ (POub )κ
∂ yκ,s
= 0 for s = 1, · · · , dκ
where κ := κ(u).
Generalized leading term equations depend on our choices of a bulk parameter b and a
basis {e∗r,s}. Note that the coefficients in (5.7) might change as b varies. Once b is fixed,
they are independent up to coordinate changes. Furthermore, the following lemma asserts
that a choice of {yr,s} does not matter when it comes to the existence of solutions.
Lemma 5.10 (Lemma 4.2 in [14]). The system of equations
(5.8) yr,s
∂POub
∂yr,s
= 0
has a solution {(yr,s) : yr,s ∈ ΛU} if and only if the system of equations
(5.9) yi
∂POub
∂yi
= 0
has a solution {(yi) : yi ∈ ΛU}.
We remark that the number of solutions in (5.8) might be different from that in (5.9).
Based on Lemma 5.10, in the sense of the existence of solutions, two systems are interchange-
ably used. One of main results in [14] are stated as follows.
Theorem 5.11 (See Section 11 in [14]). For u ∈ Int(P ), the followings are equivalent.
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(1) A generalized leading term equation at u of P in (5.7) admits a solution {(yr,s) :
yr,s ∈ C
∗} for some b ∈ A (Λ0).
(2) There exists a bulk-parameter b′ =
∑m
j=1 b
′
jDj ∈ A (Λ0) such that bj − b
′
j ∈ Λ+ for
all j and POub′ has a critical point on (ΛU )
n.
(3) There exist a cochain b ∈ H1(L(u); Λ0) and a bulk-parameter b
′ =
∑m
j=1 b
′
jDj ∈
A (Λ0) such that bj − b
′
j ∈ Λ+ for all j and the bulk-deformed Floer cohomology
HF ((L(u), (b′, b)), (L(u), (b′, b)); Λ0) is isomorphic to H(T
n; Λ0).
Corollary 5.12 (See Section 11 in [14]). If a generalized leading term equation of u of P
admits a solution on C∗ for some b ∈ A (Λ0), the toric fiber L(u) is non-displaceable.
Definition 5.13 (Definition 9.7 in [15]). A toric fiber L(u) is called strongly bulk-balanced7
if a generalized leading term equation at u admits a solution on (C∗)n for some b ∈ A (Λ0)
as in Theorem 5.11.
6. Proof of Theorem A
The goal of this section is to prove the main theorem of this paper.
Theorem 6.1 (Theorem A). Let X be the compact symplectic toric manifold determined by
a moment polytope P . For a point u in the interior of P , the followings are equivalent:
(1) The fiber L(u) is strongly bulk-balanced (See Definition 5.13).
(2) The point u is contained in the intersection of tropicalizations Trop(P,m) relative
to m over all lattice points m ∈M .
(3) The point u is contained in the intersection of tropicalizations Trop(P,m) relative
to m over all primitive lattice m ∈ M that is orthogonal to an (n − 1)-dimensional
subspace generated by facet normal vectors.
By Corollary 5.12 and Theorem 6.1, we have the following Corollary.
Corollary 6.2. The intersection of tropicalizations Trop(P,m) in Theorem 6.1 (3) in the
interior of P lifts to non-displaceable toric fibers.
We begin by proving the two lemmas.
Lemma 6.3. If the toric fiber L(u) over a point u ∈ Int(P ) is strongly bulk-balanced, then
u is in Trop (P,m) for any m ∈M .
Proof. Suppose that we are given a strongly bulk-balanced fiber L(u). We then consider
the real vector space A⊥l := 〈v(1,1), · · · ,v(1,a1), · · · ,v(l,1), · · · ,v(l,al)〉 defined in (5.1) and the
ascending chain of real vector spaces A⊥0 = {0} ⊆ A
⊥
1 ⊆ · · · ⊆ A
⊥
κ(u) = NR. For simplicity,
let κ := κ(u). For each space A⊥l , we have the real vector space Al orthogonal to A
⊥
l given
by
Al := {m ∈M : 〈m,v〉 = 0 for all v ∈ A
⊥
l }.
We then have the descending chain of real vectors space MR = A0 ⊇ A1 ⊇ · · · ⊇ Aκ = {0}.
If m is the zero vector in M , then Trop(m) = MR so that the position u is obviously in
Trop(m). For any nonzero lattice pointm, there exists a unique integer ν with 0 ≤ ν ≤ κ−1
such that m is contained in Aν\Aν+1. Since m ∈ Aν , we have
(6.1) 〈m,v(1,1)〉 = · · · = 〈m,v(1,a1)〉 = · · · = 〈m,v(ν,1)〉 = · · · = 〈m,v(ν,aν)〉 = 0,
7Here, we stick to use the terminology from [15]. However, the authors do not know whether a strongly bulk-
balanced fiber is bulk-balanced or not. In this sense, the terminology might have a chance to be misleading.
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and thus all equations l(r,s)’s ranging over 1 ≤ r ≤ ν and 1 ≤ s ≤ ar are not involved in
the tropicalization Trop (m). Since m /∈ Aν+1, there exists at least one s with 1 ≤ s ≤ aν+1
such that 〈m,v(ν+1,s)〉 6= 0.
We claim further that there exist at least two integers s1 and s2 with 1 ≤ s1 < s2 ≤ aν+1
such that 〈m,v(ν+1,s1)〉 6= 0 and 〈m,v(ν+1,s2)〉 6= 0 once the existence of nonzero solution
of the generalized leading term equation (5.7) is assumed. For a contradiction, suppose
that 〈m,v(ν+1,1)〉 6= 0 and 〈m,v(ν+1,s)〉 = 0 for all s > 1 by changing a numbering of s if
necessary. We shall find a coordinate system {yr,s} that does not admit a nonzero solution
in order to establish a contradiction to Lemma 5.10 saying that the generalized leading term
equation must have a solution on (C∗)n regardless of choices of coordiante system.
We now take a basis {e∗r,s} of NQ as in Section 5.1 by requiring the following conditions:
(1) For each l,
{
e∗r,s : 1 ≤ r ≤ l, 1 ≤ s ≤ dr
}
forms a Q-basis of A⊥l ∩NQ.
(2) Each vj is in
κ⊕
r=1
dr⊕
s=1
Z e∗r,s.
We additionally require that
{
e∗ν+1,s : 2 ≤ s ≤ dr
}
is perpendicular to the lattice point m.
More precisely, the additional conditions are as follows:
(3) Each e∗ν+1,s with s ≥ 2 is contained in {v ∈ A
⊥
ν+1 : 〈m,v〉 = 0}.
(4) The vectors v(ν+1,2), · · · ,v(ν+1,aν+1) are in
ν⊕
r=1
dr⊕
s=1
Z e∗r,s ⊕
dν+1⊕
s=2
Z e∗ν+1,s.
Since the quotient space of A⊥ν+1 by
(
A⊥ν + 〈v(ν+1,2), · · · ,v(ν+1,aν+1)〉
)
is one-dimensional by
our supposition, such a basis {e∗r,s} exists.
From this choice of {e∗r,s}, we obtain the corresponding coordinate system {yr,s}. By the
condition (4), a Laurent monomial
yv(ν+1,a) :=
κ∏
r=1
dr∏
s=1
y
vr,s
(ν+1,a)
r,s , where v(ν+1,a) =
κ∑
r=1
dr∑
s=1
vr,s(ν+1,a)e
∗
r,s.
with a ≥ 2 is expressed in terms of {yr,s : 1 ≤ r ≤ l, 1 ≤ s ≤ dr} and {yν+1,s : s ≥ 2}.
Therefore, by (5.6), we observe that
yν+1,1
∂ (POub )ν+1
∂ yν+1,1
is a Laurent monomial. Thus, it does not admit any nonzero solution and hence the gen-
eralizaed leading term equation does not have any solution in (C∗)n. The claim is now
established.
Consequently, we have at least two l(l+1,s1)(u) and l(l+1,s2)(u) having same value Sl+1 and
moreover Sl+1 is indeed the minimum of
{
l(r,s)(u) : 〈m,v(r,s)〉 6= 0
}
because of (6.1). Hence,
u is in Trop(m) by Proposition 3.11.

Lemma 6.4. Let P be an n-dimensional polytope in MR ≃ R
n. If u /∈ Trop(P,m) for some
lattice point m, there exists a primitive lattice point m˜ orthogonal to an (n− 1)-dimensional
subspace generated by facet normal vectors such that u /∈ Trop(P, m˜)
Proof. Suppose that we are given u /∈ Trop(m). We may assume that l1, · · · , ls are equations
that contribute to the tropicalization Trop(m) after renumbering the defining equations if
necessary. Namely, {lj : 〈m,vj〉 6= 0} = {l1, · · · , ls}. By Proposition 3.11, there exists an
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integer ν with 1 ≤ ν ≤ s such that the minimum of {lj(u) : 〈m,vj〉 6= 0} is attained only by
lν(u). Without any loss of generality, we may assume that ν = 1.
If m is orthogonal to an (n − 1)-dimensional subspace generated by facet normal vec-
tors, then take a primitive vector m˜ of the direction of m. Otherwise, letting A⊥>s :=
〈vs+1, · · · ,vm〉, we extend the space A
⊥
>s to an (n− 1)-dimensional space not containing v1
by adding generators vj1 , · · · ,vjr with 1 < j1 < · · · < jr ≤ s. Since P is an n-dimensional
polytope in Rn, {vj : 1 ≤ j ≤ m} generates the whole space R
n so that such an extension
exists. Choose a primitive vector m˜ normal to the space.
By our choice of m˜, it is perpendicular to the (n− 1)-dimensional space generated by the
facet normals {vj1 , · · · ,vjr ,vs+1, · · · ,vm}. Since
l1 ∈ {lj : 〈m˜,vj〉 6= 0} ⊂ {lj : 〈m,vj〉 6= 0} ,
we see that the minimum of {lj(u) : 〈m˜,vj〉 6= 0} is achieved only by l1(u). By Proposi-
tion 3.11, u /∈ Trop(m˜). 
Now, we start a proof of Theorem 6.1.
Proof. (of Theorem 6.1) Lemma 6.3 proves (1)⇒ (2) and Lemma 6.4 yields (3)⇒ (2). It is
obvious that (2)⇒ (3). Thus, it remains to show that (2) implies (1).
Suppose that we are given a position u ∈ Int(P ) satisfying
u ∈
⋂
m∈M
Trop (m) .
We now try to find a coordinate system {yr,s} making the leading term equation simple
so that it contains many terms having a single variable factor. For each integer l with
dl := limA
⊥
l − limA
⊥
l−1 > 0, by rearranging s in the (l+1)-level if necessary, we may assume
A⊥l−1 = 〈v(1,1), · · · ,v(l−1,al−1)〉 ( 〈v(1,1), · · · ,v(l−1,al−1),v(l,1)〉
( 〈v(1,1), · · · ,v(l−1,al−1),v(l,1),v(l,2)〉 ( · · ·
( 〈v(1,1), · · · ,v(l−1,al−1),v(l,1),v(l,2), · · · ,v(l,dl)〉 = A
⊥
l .
We take a basis {e∗r,s} of NQ as in Section 5.1 by requiring the following conditions:
(1) For each l,
{
e∗r,s : 1 ≤ r ≤ l, 1 ≤ s ≤ dr
}
forms a Q-basis of A⊥l ∩NQ.
(2) Each vj is in
κ⊕
r=1
dr⊕
s=1
Z e∗r,s.
Additionally the following condition is required:
(3) v(l,s) ∈ N e
∗
l,s for 1 ≤ s ≤ dl.
By our choice of
{
e∗r,s
}
, we obtain the corresponding coordinate system {yr,s} and observe
(POu0 )l = y
nl,1
l,1 + · · · + y
nl,dl
l,dl
+Pl(y1,1, · · · , yl,dl)
where v(l,s) = nl,se
∗
l,s for some nl,s ∈ N and Pl(y1,1, · · · , yl,dl) is a Laurent polynomial in
terms of variables y1,1, · · · , yl,dl .
Taking a bulk deformation given by
b :=
κ∑
r=1
dr∑
s=1
b(r,s) ·D(r,s)
with b(r,s) ∈ Λ0, due to (5.6), we obtain
(POub )l = c(l,1)y
nl,1
l,1 + · · ·+ c(l,dl)y
nl,dl
l,dl
+Pl(y1,1, · · · , yl,dl).
24 YOOSIK KIM, JAEHO LEE
Keep in mind that each c(r,s) := exp
(
b(r,s),0
)
∈ C∗ can be chosen arbitrary by modifying
b(r,s),0 where b(r,s) = b(r,s),0 + b(r,s),+ with b(r,s),0 ∈ C and b(r,s),+ ∈ Λ+. With respect to b
and {yr,s}, the generalized leading term equation (5.7) is of the form:
(6.2)
y1,s
∂ (POub )1
∂ y1,s
= c(1,s)n1,s y
n1,s
1,s + y1,s
∂P1(y1,1, · · · , y1,d1)
∂ y1,s
= 0 for s = 1, · · · , d1
y2,s
∂ (POub )2
∂ y2,s
= c(2,s)n2,s y
n2,s
2,s + y2,s
∂P2(y1,1, · · · , y2,d2)
∂ y2,s
= 0 for s = 1, · · · , d2
...
yκ,s
∂ (POub )κ
∂ yκ,s
= c(κ,s)nκ,s y
nκ,s
κ,s + yκ,s
∂Pκ(y1,1, · · · , yκ,dκ)
∂ yκ,s
= 0 for s = 1, · · · , dκ
We claim that the assumption u ∈
⋂
m∈M Trop (m) implies that each
yr,s
∂Pr(y1,1, · · · , yr,dr)
∂ yr,s
contains at least one term. Suppose to the contrary that yr,s
∂Pr(y1,1,··· ,yr,dr )
∂ yr,s
≡ 0 for some
(r, s) with 1 ≤ r ≤ κ and 1 ≤ s ≤ dr. It yields that any term of Pr(y1,1, · · · , yr,dr) must not
contain any factors y±1r,s . In other words, v(r,1), · · · ,v(r,s−1), v(r,s+1), · · · v(r,ar) are contained
in 〈e∗1,1, · · · , e
∗
r,1, · · · , e
∗
r,s−1, e
∗
r,s+1, · · · , e
∗
r,dr
〉. Since 〈e∗1,1, · · · , e
∗
r,1, · · · , e
∗
r,s−1, e
∗
r,s+1, · · · , e
∗
r,dr
〉
has a dimension strictly less than n, we can take a lattice point m ∈M such that
(1) m is perpendicular to 〈v(1,1), · · · ,v(r−1,ar−1),v(r,1), · · · ,v(r,s−1),v(r,s+1), · · · ,v(r,ar)〉
(2) m is not perpendicular to v(r,s).
We then see that Trop(m) must not contain u because at u the minimum is attained by a
single equation l(r,s). It contradicts to the choice of u and hence the claim is asserted.
Now, by invoking the Baire category theorem and the above claim, we can take an n-tuple
{(yr,s) : yr,s ∈ C
∗, 1 ≤ r ≤ κ, 1 ≤ s ≤ dr} obeying
yr,s
∂Pr
∂ yr,s
(y1,1, · · · , yr,dr) 6= 0.
Since c(r,s) := exp
(
b(r,s),0
)
∈ C∗ can be chosen independently, we can determine c(r,s) so that
{yr,s : 1 ≤ r ≤ κ, 1 ≤ s ≤ dr} is a solution of the equation (6.2). Hence L(u) is strongly
bulk-balanced. 
7. Proof of Theorem B
In this section, we prove the following theorem by applying Theorem A.
Theorem 7.1 (Theorem B). Let X be the compact symplectic toric manifold determined by
a moment polytope P . If the fiber L(u) over an interior point u of P is bulk-balanced (See
Definition 5.6), then L(u) is strongly bulk-balanced (See Definition 5.13).
We need two lemmas for proving Theorem B.
Lemma 7.2. Let P be that the polytope with the description
{lj(u) := 〈u,vj〉 − λj ≥ 0 : j = 1, · · · ,m}
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satisfying the requirements of (2.1). We consider a sequence {P (i)} of polytopes each of
which has the description{
l
(i)
j (u) := 〈u,vj〉 − λ
(i)
j ≥ 0 : j = 1, · · · ,m
}
satisfying the requirements of (2.1). If the sequence
{
P (i)
}
converges to the polytope P with
respect to the Hausdorff distance (Definition 2.10), then for each j,
(
λ
(i)
j − λj
)
converges to
0 as i→∞.
Proof. Observe that the Hausdorff distance between P (i) and P satisfies
dHaus
(
P,P (i)
)
≥
∣∣∣λj − λ(i)j ∣∣∣
‖vj‖
where ‖vj‖ =
√
(vj,1)2 + · · · (vj,n)2. Since dHaus
(
P,P (i)
)
→ 0 as i → ∞, we obtain the
desired conclusion. 
Lemma 7.3. Let Q be the polyhedron having the description
{lj(u) := 〈u,vj〉 − λj ≥ 0 : j = 1, · · · , s}
that satisfies the requirements of (2.1). We consider a sequence {Q(i)} of polyhedra deter-
mined by the following supporting planes{
l
(i)
1 = l1 + δ
(i), l
(i)
2 = l2, · · · , l
(i)
s = ls
}
where δ(i) is a real number. Assume that δ(i) monotonically converges to 0. Then, the tropi-
calization Trop(Q(i)) converges to the tropicalization Trop(Q) with respect to the Hausdorff
distance.
Proof. We assume that δ(i) is monotonically decreasing because we can similary deal with the
case where the sequence is monotonically increasing. To present the proof in an organized
manner, we begin by stating and proving two sublemmas.
As the direction v1 is different from that of vj for j ≥ 2, we can take and fix a direction
v1j such that for all t > 0 and every u ∈ R
n,
(7.1) l1(u+ tv1j) < l1(u), lj(u+ tv1j) > lj(u).
Regardless of our choice of u ∈ Rn, we have
(7.2) lj(u+ tv1j)− lj(u) = c1j · t
where c1j := 〈vj,v1j〉, which is positive. Since δ
(i) → 0 as i→∞, for any ε > 0, there exists
an integer ι(ε) such that for all i ≥ ι(ε), δ(i) is less than the minimum of the values c1j · (ε/2)
for j with 2 ≤ j ≤ s.
Sublemma 7.4. For every u1 ∈ Trop(Q) and the above choice of ι(ε), we have
inf
u2∈Trop(Q(i))
d(u1,u2) < ε
whenever i ≥ ι(ε). Here, we emphasize that ι(ε) is independent of u1.
Proof. (of Sublemma 7.4) For u1 ∈ Trop(Q), by Proposition 3.3, there exists at least two
indices j1 and j2 with j1 < j2 such that lj1(u1) = lj2(u1) is the minimum of {lj(u1) :
1 ≤ j ≤ s}. If one can take such indices j1 and j2 bigger than 1, then u1 is contained in
Trop(Q(i)) because the number lj1(u1) = l
(i)
j1
(u1) = l
(i)
j2
(u1) = lj2(u1) is still the minimum
26 YOOSIK KIM, JAEHO LEE
of {l
(i)
j (u1) : j = 1, · · · , s} and hence infu2∈Trop(Q(i)) d(u1,u2) = 0 < ε. Thus, it remains
to consider the case where l1(u1) = l2(u1) < lj(u1) for any j ≥ 3. Here, j2 is assumed to
be 2 by renumbering {j : 2 ≤ j ≤ s} without shuffling j = 1. In this case, u1 is not in
Trop(Q(i)) anymore because the minimum l
(i)
2 (u1) = l2(u1) is solely attained by l2. Taking
u := u1 + (ε/2)v12 ∈ B(u0, ε), by (7.1) and (7.2), we obtain
l
(i)
1 (u)− l2(u) < l
(i)
1 (u1)− l2(u1)− c · (ε/2)
= l
(i)
1 (u1)− l1(u1)− c · (ε/2) = δ
(i) − c · (ε/2)
for the positive constant c := min{c1j : 2 ≤ j ≤ s}. By our choice of ι(ε), whenever
i ≥ ι(ε), δ(i) − c · (ε/2) ≤ 0 and hence l
(i)
1 (u) ≤ l2(u) = l
(i)
2 (u). Since l
(i)
1 (u1) > l
(i)
2 (u1)
and l
(i)
1 (u) ≤ l2(u) = l
(i)
2 (u) for some u ∈ B(u1, ε), it implies that there exists a point of
Trop(Q(i)) contained in B(u1, ε) if i ≥ ι(ε). Therefore, the sublemma is justifed. 
As the direction of v1 is different from that of vj for j ≥ 2, we can take and fix a direction
v1j such that for all t > 0,
(7.3) l1(u+ tv1j) > l1(u), lj(u+ tv1j) < lj(u)
for any u ∈ Rn. Regardless of our choice of u, we have
(7.4) l1(u+ tv1j)− l1(u) = c1j · t
where c1j := 〈v1,vj〉, which is positive. Since δ
(i) → 0 as i → ∞, for given ε > 0, there
exists an integer ν(ε) such that for all i with i ≥ ν(ε), δ(i) is less than the minimum of the
values c1j · (ε/2) for j with 2 ≤ j ≤ s.
Sublemma 7.5. For any sequence {u
(i)
2 ∈ Trop(Q
(i)) : i ≥ 1} and the above choice ν(ε), we
have
inf
u1∈Trop(Q)
d(u1,u
(i)
2 ) < ε
whenever i ≥ ν(ε). Here, we emphasize that ν(ε) is independent of {u
(i)
2 ∈ Trop(Q
(i)) : i ≥
1}.
Proof. (of Sublemma 7.5) For u
(i)
2 ∈ Trop(Q
(i)), by Proposition 3.3, there exist at least
two indices j1 and j2 with 1 ≤ j1 < j2 such that l
(i)
j1
(u
(i)
2 ) = l
(i)
j2
(u
(i)
2 ) is the minimum of
{l
(i)
j (u
(i)
2 ) : 1 ≤ j ≤ s}. As soon as l1(u
(i)
2 ) = l
(i)
1 (u
(i)
2 ) − δ
(i) ≥ l
(i)
j1
(u
(i)
2 ) = l
(i)
j2
(u
(i)
2 ) =
lj1(u
(i)
2 ) = lj2(u
(i)
2 ), the minimum of {lj(u
(i)
2 ) : 1 ≤ j ≤ s} is attained by lj1(u
(i)
2 ) = lj2(u
(i)
2 )
and thus u
(i)
2 ∈ Trop(Q) and hence infu1∈Trop(Q) d(u1,u
(i)
2 ) = 0 < ε. Thus, it suffices to
consider the case where
(7.5) l1(u
(i)
2 ) = l
(i)
1 (u
(i)
2 )− δ
(i) < l
(i)
j (u
(i)
2 ) = lj(u
(i)
2 ).
for all j ≥ 2. Since we have two indices j1, j2 with l
(i)
j1
(u
(i)
2 ) = l
(i)
j2
(u
(i)
2 ), we may assume that
l
(i)
2 (u
(i)
2 ) is the minimum of {l
(i)
j (u
(i)
2 ) : 1 ≤ l ≤ s} by renumering {2 ≤ j ≤ s} if necessary
(Note that j = 1 is fixed). In particular, we have
(7.6) l2(u
(i)
2 ) = l
(i)
2 (u
(i)
2 ) ≤ l
(i)
1 (u
(i)
2 ).
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Taking u(i) := u
(i)
2 + (ε/2)v12, by (7.3), (7.4) and (7.6), we obtain
l2(u
(i))− l1(u
(i)) < l2(u
(i)
2 )− l1(u
(i)
2 )− c · (ε/2)
≤ l
(i)
1 (u
(i)
2 )− l1(u
(i)
2 )− c · (ε/2) = δ
(i) − c · (ε/2)
for the positive constant c := min{c1j : 2 ≤ j ≤ s}. By our choice of ν(ε), whenever
i ≥ ν(ε), δ(i) − c · (ε/2) ≤ 0 and l2(u
(i)) ≤ l1(u
(i)). Since l1(u
(i)
2 ) < l2(u
(i)
2 ) from (7.5) and
l2(u
(i)) ≤ l1(u
(i)) for some u(i) ∈ B(u
(i)
2 , ε), it implies that there exists a point of Trop(Q)
contained in B(u
(i)
2 , ε) if i ≥ ν(ε). Therefore, the sublemma is justifed. 
By Sublemma 7.4 and Sublemma 7.5, for i ≥ max(ι(ε), ν(ε)), we obtain
sup
u1∈Trop(Q)
(
inf
u2∈Trop(Q(i))
d(u1,u2)
)
< ε
sup
u2∈Trop(Q(i))
(
inf
u1∈Trop(Q)
d(u1,u2)
)
< ε,
which yields that
dHaus
(
Trop(Q),Trop(Q(i))
)
< ε.
This completes the proof of Lemma 7.3.

Now, we are ready to prove Theorem 7.1.
Proof. (of Theorem 7.1) Suppose that L(u) is a bulk-balanced fiber in a compact toric
symplectic manifold X. Then, there exist a sequence {P (i)} of polytopes in MR ≃ R
n and
a sequence {u(i) : u(i) ∈ Int(P (i))} of positions such that P (i) converges to P with respect
to the Hausdorff distance and u(i) converges to an interior point u of P with respect to the
Euclidean distance. In order to show that L(u) is a strongly bulk-balanced fiber, it is enough
to show that u lies in Trop(P,m) for any m ∈M by Thoerem A.
Since the fan Σ of the toric manifold X is fixed in the sequence of polytopes, each P (i)
can be constructed by translating facets of P . Namely,
P (i) = {u : l
(i)
1 (u) ≥ 0, · · · , l
(i)
m (u) ≥ 0}
where l
(i)
j (u) := lj(u)+δ
(i)
j . By Lemma 7.2, for each j, δ
(i)
j converges to 0 as i→∞. By taking
a subsequence if necessary, we may assume that for each j, the sequence {δ
(i)
j : i = 1, 2, · · · }
is monotonic.
We claim that Trop(P (i),m) converges to Trop(P,m). By renumbering the index, we may
assume
{lj : 〈m,vj〉 6= 0} = {l1, · · · , ls} .
Let
Q
(i)
j := {u : l
(i)
1 (u) ≥ 0, · · · , l
(i)
j (u) ≥ 0, lj+1(u) ≥ 0, · · · , ls(u) ≥ 0}.
Note that Trop(Q
(i)
0 ) = Trop(P,m) and Trop(Q
(i)
s ) = Trop(P (i),m). By the triangle in-
equality, we have
dHaus(Trop(P,m),Trop(P
(i),m)) = dHaus(Trop(Q
(i)
0 ),Trop(Q
(i)
s ))
≤ dHaus(Trop(Q
(i)
0 ),Trop(Q
(i)
1 )) + · · · + dHaus(Trop(Q
(i)
s−1),Trop(Q
(i)
s ))
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By Lemma 7.3, the right-hand side converges to 0. Hence, the claim is derived.
As u(i) ∈ Trop(P (i),m) converges to u ∈ Int(P ) and Trop(P (i),m) converges to Trop(P,m),
u is also contained in Trop(P,m). Hence, the proof is completed. 
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